Introduction {#Sec1}
============

*Synthesis* is the automated construction of a system from its specification: given a specification $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$, typically by a linear temporal logic (LTL) formula over sets *I* and *O* of input and output signals, the goal is to construct a finite-state system that satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ \[[@CR9], [@CR20]\]. At each moment in time, the system reads an assignment, generated by the environment, to the signals in *I*, and responds with an assignment to the signals in *O*. Thus, with every input sequence, the system associates an output sequence. The system *realizes* $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ if $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ is satisfied in all the interactions of the system, with all environments  \[[@CR5]\].

In practice, the requirement to satisfy the specification in all environments is often too strong. Accordingly, it is common to add assumptions on the behavior of the environment. An assumption may be direct, say given by an LTL formula that restricts the set of possible input sequences \[[@CR8]\], less direct, say a bound on the size of the environment \[[@CR13]\] or other resources it uses, or conceptual, say rationality from the side of the environment, which may have its own objectives \[[@CR11], [@CR14]\]. We introduce and study a new type of relaxation of the requirement to satisfy the specification in all environments. The idea behind the relaxation is that if an environment is such that no system can interact with it in a way that satisfies the specification, then we cannot expect our system to succeed. In other words, the system has to satisfy the specification only when it interacts with environments in which this mission is possible. This is particularly relevant when synthesizing *autonomous systems*, which interact with unexpected environments and often replace human behavior, which is only expected to be *good enough* \[[@CR28]\], and when the notion of correctness is multi-valued (rather than Boolean), and thus we seek *high-quality* systems.

Before we explain the relaxation formally, let us consider a simple example, and we start with the Boolean setting. Let $\documentclass[12pt]{minimal}
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                \begin{document}$$O=\{{ grant}\}$$\end{document}$. Thus, the system receives requests and generates grants. Consider the specification $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi = \mathsf {G}\mathsf {F}({ req} \wedge { grant}) \wedge \mathsf {G}\mathsf {F}(\lnot { req} \wedge \lnot { grant})$$\end{document}$. Clearly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is not realizable, as an input sequence need not satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {G}\mathsf {F}{ req}$$\end{document}$ or $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {G}\mathsf {F}\lnot { req}$$\end{document}$. However, a system that always generates a grant upon (and only upon) a request, [ge]{.smallcaps} *-realizes* $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$, in the sense that for every input sequence, if there is some interaction with it with which $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ is satisfied, then our system generates such an interaction.

Formally, we model a system by a strategy $\documentclass[12pt]{minimal}
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                \begin{document}$$f:(2^I)^+ \rightarrow 2^O$$\end{document}$, which given an input sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$x=i_0 \cdot i_1 \cdot i_2 \cdots \in (2^I)^\omega $$\end{document}$, generates an output sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$f(x)=f(i_0) \cdot f(i_0 \cdot i_1) \cdot f(i_0 \cdot i_1 \cdot i_2) \cdots \in (2^O)^\omega $$\end{document}$, inducing the computation $\documentclass[12pt]{minimal}
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                \begin{document}$$x \otimes f(x)=(i_0\cup f(i_0)) \cdot (i_i \cup f(i_0\cdot i_1)) \cdot (i_2\cup f(i_0 \cdot i_1\cdot i_2)) \cdots \in (2^{I \cup O})^\omega $$\end{document}$, obtained by "merging" *x* and *f*(*x*). In traditional realizability, a system realizes $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is satisfied in all environments. Formally, for all input sequences $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in (2^I)^\omega $$\end{document}$, the computation $\documentclass[12pt]{minimal}
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                \begin{document}$$x \otimes f(x)$$\end{document}$ satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. For our new notion, we first define when an input sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (2^I)^\omega $$\end{document}$ is *hopeful*, namely there is an output sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$y \in (2^O)^\omega $$\end{document}$ such that the computation $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$. Then, a system [ge]{.smallcaps} *-realizes* $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ is satisfied in all interactions with hopeful input sequences. Formally, for all $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in (2^I)^\omega $$\end{document}$, if *x* is hopeful, then the computation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \otimes f(x)$$\end{document}$ satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$.

Since LTL is Boolean, synthesized systems are correct, but there is no reference to their quality. This is a crucial drawback, as designers would be willing to give up manual design only if automated-synthesis algorithms return systems of comparable quality. Addressing this challenge, researchers have developed quantitative specification formalisms. For example, in \[[@CR4]\], the input to the synthesis problem includes also Mealy machines that grade different realizing systems. In  \[[@CR1]\], the specification formalism is the multi-valued logic $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$, which augments $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {LTL}$$\end{document}$ with quality operators. The satisfaction value of an $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula is a real value in \[0, 1\], where the higher the value, the higher the quality in which the computation satisfies the specification. The quality operators in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{F}$$\end{document}$ can prioritize and weight different scenarios. The synthesis algorithm for $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ seeks systems with a highest possible satisfaction value. One can consider either a worst-case approach, where the satisfaction value of a system is the satisfaction value of its computation with the lowest satisfaction value \[[@CR1]\], or a stochastic approach, where it is the expected satisfaction value, given a distribution of the inputs \[[@CR2]\].

Consider, for example, an acceleration controller of an autonomous car. Normally, the car should maintain a relatively constant speed. However, in order to optimize travel time, if a long stretch of road is visible and is identified as low-risk, the car should accelerate. Conversely, if an obstacle or some risk factor is identified, the car should decelerate. Clearly, the car cannot accelerate and decelerate at the same time. We capture this desired behavior with the following $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\textit{safe},\textit{obs}\}$$\end{document}$ and outputs $\documentclass[12pt]{minimal}
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                \begin{document}$$\{\textit{acc},\textit{dec}\}$$\end{document}$:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\psi =\mathsf {G}(\textit{safe}\rightarrow (\textit{acc}\oplus _{\frac{2}{3}}\mathsf {X}\textit{acc})) \wedge \mathsf {G}(\textit{obs}\rightarrow (\textit{dec}\oplus _{\frac{3}{4}}\mathsf {X}\textit{dec})) \wedge \mathsf {G}(\lnot (\textit{acc}\wedge \textit{dec})). $$\end{document}$$Thus, in order to get satisfaction value 1, each detection of a safe stretch should be followed by an acceleration during two transactions, with a preference to the first (by the semantics of the weighted average $\documentclass[12pt]{minimal}
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                \begin{document}$$\textit{safe}\rightarrow (\textit{acc}\oplus _{\frac{2}{3}}\mathsf {X}\textit{acc})$$\end{document}$ is 1 when $\documentclass[12pt]{minimal}
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                \begin{document}$$\textit{safe}$$\end{document}$ is followed by two $\documentclass[12pt]{minimal}
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                \begin{document}$$\textit{acc}$$\end{document}$ with a delay), and each detection of an obstacle should be followed by a deceleration during two transactions, with a (higher) preference to the first. Clearly, $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ is not realizable with satisfaction value 1, as for some input sequences, namely those with simultaneous or successive occurrences of *safe* and *obs*, it is impossible to respond with the desired patterns of acceleration or declaration. Existing frameworks for synthesis cannot handle this challenge. Indeed, we do not want to add an assumption about *safe* and *obs* occurring far apart. Rather, we want our autonomous car to behave in an optimal way also in problematic environments, and we want, when we evaluate the quality of a car, to take into an account the challenge posed by the environment. This is exactly what high-quality [ge]{.smallcaps}-synthesis does: for each input sequence, it requires the synthesized car to obtain the maximal satisfaction value that is possible for that input sequence.

We show that in the Boolean setting, [ge]{.smallcaps}-synthesis can be reduced to synthesis of LTL with quantification of atomic propositions \[[@CR26]\]. Essentially, [ge]{.smallcaps}-synthesis of $\documentclass[12pt]{minimal}
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                \begin{document}$$(\exists O. \psi ) \rightarrow \psi $$\end{document}$. We show that by carefully switching between nondeterminisitc and universal automata, we can solve the [ge]{.smallcaps}-synthesis problem in doubly-exponential time, thus it is not harder than traditional synthesis. Also, our algorithm is *Safraless*, thus no determinization and parity games are needed \[[@CR15], [@CR17]\].

A drawback of [ge]{.smallcaps}-synthesis is that we do not actually know whether the specification is satisfied. We describe two ways to address this drawback. The first goes beyond providing satisfaction information and enables the designer to partition the specification into a *strong* component, which is guaranteed to be satisfied in all environments, and a *weak* component, which is guaranteed to be satisfied only in hopeful ones. The second way augments [ge]{.smallcaps}-realizing systems by "satisfaction indicators". For example, we show that when a system is lucky to interact with an environment that generates a prefix of an input sequence such that, when combined with a suitable prefix of an output sequence, the specification becomes realizable, then [ge]{.smallcaps}-synthesis guarantees that the system indeed responds with a suitable prefix of an output sequence. Moreover, it is easy to add to the system a monitor that detects such prefixes, thus indicating that the specification is going to be satisfied in all environments. Additional monitors we suggest detect prefixes after which the satisfaction becomes valid or unsatisfiable.

We continue to the quantitative setting. We parameterize hope by a satisfaction value $\documentclass[12pt]{minimal}
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                \begin{document}$$v \in [0,1]$$\end{document}$ and say that an input sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in (2^{I})^\omega $$\end{document}$ is *v-hopeful* for an $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ if an interaction with it can generate a computation that satisfies $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ with value at least *v*. Formally, there is an output sequence $\documentclass[12pt]{minimal}
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                \begin{document}$$[\![x \otimes y,\psi ]\!] \ge v$$\end{document}$, where for a computation $\documentclass[12pt]{minimal}
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                \begin{document}$$w \in (2^{I \cup O})^\omega $$\end{document}$, we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\psi ]\!]$$\end{document}$ to denotes the satisfaction value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ in *w*. As we elaborate below, while the basic idea of [ge]{.smallcaps}-synthesis, namely "input sequences with a potential to high quality should realize this potential" is as in the Boolean setting, there are several ways to implement this idea.

We start with a worst-case approach. There, a strategy $\documentclass[12pt]{minimal}
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                \begin{document}$$f:(2^I)^+ \rightarrow 2^O$$\end{document}$ [ge]{.smallcaps}-realizes an $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in (2^I)^\omega $$\end{document}$, if *x* is *v*-hopeful, then $\documentclass[12pt]{minimal}
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                \begin{document}$$[\![x \otimes f(x),\psi ]\!] \ge v$$\end{document}$. The requirement can be applied to a threshold value or to all values $\documentclass[12pt]{minimal}
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                \begin{document}$$v \in [0,1]$$\end{document}$. For example, our autonomous car controller has to achieve satisfaction value 1 in roads with no simultaneous or successive occurrences of *safe* and *obs*, and value $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{3}{4}$$\end{document}$ in roads that violate the latter only with some *obs* followed by *safe*. We then argue that the situation is similar to that of *high-quality assume guarantee synthesis* \[[@CR3]\], where richer relations between a quantitative assumption and a quantitative guarantee are of interest. In our case, the assumption is the hopefulness level of the input sequence, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$[\![x,\exists O.\psi ]\!]$$\end{document}$, and the guarantee is the satisfaction value of the specification in the generated computation, namely $\documentclass[12pt]{minimal}
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                \begin{document}$$[\![x \otimes f(x),\psi ]\!]$$\end{document}$. When synthesizing, for example, a robot controller (e.g., vacuum cleaner) in a building, the doors to rooms are controlled by the environment, whereas the movement of the robot by the system. A measure of the performance of the robot has to take into an account both the number of "hopeful rooms", namely these with an open door -- a projection of this number on \[0, 1\] serves as the assumption, and the number of room cleaned -- which induces the guarantee. We assume that the desired relation between the assumption and the guarantee is given by a function $\documentclass[12pt]{minimal}
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We continue with an analysis of the expected performance of the system. We do so by assuming a stochastic environment, with a known distribution on the input sequences. We introduce and study two measures for high-quality [ge]{.smallcaps}-synthesis in a stochastic environment. In the first, termed *expected* [ge]{.smallcaps} *-synthesis*, all input sequences are sampled, yet the satisfaction value in each input sequence takes its hopefulness level into account, for example by a $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

Consider two finite sets *I* and *O* of input and output signals, respectively. For two words $\documentclass[12pt]{minimal}
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                \begin{document}$$x=i_0 \cdot i_1 \cdot i_2 \cdots \in (2^I)^*$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M^*(x)$$\end{document}$ be the state in *S* that $\documentclass[12pt]{minimal}
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We specify on-going behaviors of reactive systems using the *linear temporal logic* LTL \[[@CR19]\]. Formulas of LTL are constructed from a set *AP* of atomic proposition using the usual Boolean operators and temporal operators like $\documentclass[12pt]{minimal}
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                \begin{document}$$L(\psi )=\{ w : w \models \psi \} \subseteq (2^{AP})^\omega $$\end{document}$. We also use *automata on infinite words* for specifying and reasoning about on-going behaviors. We use automata with different branching modes (nondeterministic, where some run has to be accepting; universal, where all runs have to be accepting; and deterministic, where there is a single run) and different acceptance conditions (Büchi, co-Büchi, and parity). We use the three letter acronyms NBW, UCW, DPW, and DFW, to refer to nondeterministic Büchi, universal co-Büchi, deterministic parity, and deterministic finite word automata, respectively. Given an LTL formula $\documentclass[12pt]{minimal}
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                \begin{document}$${2^{O(|\psi |)}}$$\end{document}$ states. Determinization \[[@CR23]\] then leads to a DPW for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(\psi )$$\end{document}$ with at at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${2^{2^{O(|\psi |)}}}$$\end{document}$ states and index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${2^{O(|\psi |)}}$$\end{document}$. For full definitions of LTL, automata, and their relation, see \[[@CR12]\].
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Theorem 1 {#FPar2}
---------

The LTL [ge]{.smallcaps}-synthesis problem is 2EXPTIME-complete.

Proof {#FPar3}
-----
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The lower bound follows from the 2EXPTIME-hardness of LTL realizability \[[@CR22]\]. The hardness proof there constructs, given a 2EXPTIME Turing machine *M*, an LTL formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ that is realizable iff *M* accepts the empty tape. Since all input sequences are hopeful for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, realizability and [ge]{.smallcaps}-realizability coincide, and we are done.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Note that working with a UCW not only handles the universal quantification for free but also has the advantage of a Safraless synthesis algorithm -- no determinization and parity games are needed \[[@CR15], [@CR17]\]. Also note that the algorithm we suggest in the proof of Theorem [1](#FPar2){ref-type="sec"} can be generalized to handle specifications that are arbitrary positive Boolean combinations of EQLTL formulas.

Remark 1 {#FPar4}
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Remark 2 {#FPar5}
--------
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Guarantees in Good-Enough Synthesis {#Sec4}
===================================

A drawback of [ge]{.smallcaps}-synthesis is that we do not actually know whether the specification is satisfied. In this section we describe two ways to address this drawback. The first way goes beyond providing satisfaction information and enables the designer to partition the specification into to a *strong* component, which should be satisfied in all environments, and a *weak* component, which should be satisfied only in hopeful ones. The second way augments [ge]{.smallcaps}-realizing transducers by flags, raised to indicate the status of the satisfaction.

[ge]{.smallcaps}-Synthesis with a Guarantee {#Sec5}
-------------------------------------------

Recall that [ge]{.smallcaps}-realizability is suitable especially in settings where we design a system that has to do its best in all environments. [ge]{.smallcaps}-synthesis with a guarantee is suitable in settings where we want to make sure that some components of the specification are satisfied in all environment. Accordingly, a specification is an LTL formula $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar6}

The LTL [ge]{.smallcaps}-synthesis with guarantee problem is 2EXPTIME-complete.

### Proof {#FPar7}
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Flags by a [ge]{.smallcaps}-Realizing Transducer {#Sec6}
------------------------------------------------
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### Theorem 3 {#FPar8}

[ge]{.smallcaps}-realizability is strictly stronger than green realizability.

### Proof {#FPar9}
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We continue and describe a specification that is green realizable and not [ge]{.smallcaps}-realizable. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I=\{p\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O=\{q\}$$\end{document}$. Consider the specification $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi = \mathsf {G}((\mathsf {X}p) \leftrightarrow q)$$\end{document}$. Clearly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is not realizable, as the system has to commit a value for *q* before a value for *Xp* is known. Likewise, no word $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w\in (2^{I\cup O})^*$$\end{document}$ is green for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, and so no finite input sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (2^I)^*$$\end{document}$ is green for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. Hence, every strategy (vacuously) green realizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. On the other hand, for every input sequences $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (2^I)^\omega $$\end{document}$ there is an output sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y \in (2^O)^\omega $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \otimes y \models \psi $$\end{document}$. Thus, all input sequences are hopeful for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. Thus, synthesis and [ge]{.smallcaps}-synthesis coincide for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, which is not [ge]{.smallcaps}-realizable.    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Theorem [3](#FPar8){ref-type="sec"} brings with it two good news. The first is that a [ge]{.smallcaps}-realizing transducer has the desired property of being also green realizing. The second has to do with our goal of providing the user with information about the satisfaction status, in particular raising a green flag whenever a green prefix is detected. By Theorem [3](#FPar8){ref-type="sec"}, such a flag indicates that the computation generated by our [ge]{.smallcaps}-realizing transducer satisfies the specification. A naive way to detect green prefixes for a specification $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar10}
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### Proof {#FPar11}
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Green flags provide information about satisfaction. Two additional flags of interest are related to safety and co-safety properties:A word $\documentclass[12pt]{minimal}
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A monitor that detects red and blue prefixes for *L* can be added to a transducer that [ge]{.smallcaps}-realizes *L*. As has been the case with the monitor for green prefixes, its construction is based on applying the subset construction on an NBW for *L* \[[@CR16]\]. Also, once a red or blue flag is raised, it stays up. In a way analogous to green realizability, we seek a transducer that [ge]{.smallcaps}-realizes the specification and generates a red prefix only if all interactions generate a red prefix, and generates a blue prefix whenever this is possible. In the full version, we show that while [ge]{.smallcaps}-realization implies *red realization*, it may conflict with *blue realization*.

High-Quality Good-Enough Synthesis {#Sec7}
==================================

[ge]{.smallcaps}-synthesis is of special interest when the satisfaction value of the specification is multi-valued, and we want to synthesize high-quality systems. We start by defining the multi-valued logic $\documentclass[12pt]{minimal}
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----------------------------------------------------------------------------------

Let *AP* be a set of Boolean atomic propositions and let be a set of *quality operators*. An $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula is one of the following:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {True}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathtt {False}$$\end{document}$, or *p*, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in AP$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(\psi _1,...,\psi _k)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {X}\psi _1$$\end{document}$, or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _1\mathsf {U}\psi _2$$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formulas $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _1,\ldots ,\psi _k$$\end{document}$ and a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\in \mathcal{F}$$\end{document}$.

The semantics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formulas is defined with respect to infinite computations over *AP*. For a computation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=w_0,w_1,\ldots \in (2^{AP})^\omega $$\end{document}$ and position $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j \ge 0$$\end{document}$, we use $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w^j$$\end{document}$ to denote the suffix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w_j,w_{j+1},\ldots $$\end{document}$. The semantics maps a computation *w* and an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ to the *satisfaction value* of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ in *w*, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\psi ]\!]$$\end{document}$. The satisfaction value is in \[0, 1\] and is defined inductively as follows.

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\mathtt {True}]\!]=1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\mathtt {False}]\!]=0$$\end{document}$.For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \in AP$$\end{document}$, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w, p]\!]=1$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in w_0$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w, p]\!]=0$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\not \in w_0$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,f(\psi _1,...,\psi _k)]\!]=f([\![w,\psi _1]\!],...,[\![w,\psi _k]\!])$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w, \mathsf {X}\psi _1]\!]=[\![w^1, \psi _1]\!]$$\end{document}$.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w, \psi _1 \mathsf {U}\psi _2]\!]=\max \limits _{i\ge 0} \{ \min \{[\![w^i,\psi _2]\!], \min \limits _{0\le j < i}[\![w^j,\psi _1]\!] \} \}$$\end{document}$.

The logic $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {LTL}$$\end{document}$ can be viewed as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{F}$$\end{document}$ that models the usual Boolean operators. In particular, the only possible satisfaction values are 0 and 1. We abbreviate common functions as described below. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x,y,\lambda \in [0,1]$$\end{document}$. Then,

The realizability problem for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ is an optimization problem: For an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ specification $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and a transducer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{T}$$\end{document}$, we define the satisfaction value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{T}$$\end{document}$, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![\mathcal{T},\psi ]\!]$$\end{document}$, by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\min \{[\![x\otimes \mathcal{T}(x),\psi ]\!]: x \in (2^I)^\omega \}$$\end{document}$, namely the satisfaction value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ in the worst-case. Then, the synthesis problem is to find, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, a transducer that maximizes its satisfaction value. Moving to a decision problem, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and a threshold value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in [0,1]$$\end{document}$, we say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is *v-realizable* if there exists a transducer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{T}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![\mathcal{T},\psi ]\!] \ge v$$\end{document}$, and the synthesis problem is to find, given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and *v*, a transducer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{T}$$\end{document}$ that *v*-realizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$.

For an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\psi )$$\end{document}$ be the set of possible satisfaction values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ in arbitrary computations. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$V(\psi )=\{[\![w,\psi ]\!] \ : \ w\in (2^{AP})^{\omega }\}$$\end{document}$.

### Theorem 4 {#FPar12}

\[[@CR1]\]. Consider an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$.

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|V(\psi )|\le 2^{|\psi |}$$\end{document}$.For every predicate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P \subseteq [0,1]$$\end{document}$, there exists an NBW $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{A}^P_{\psi }$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L(\mathcal{A}^P_{\psi })=\{ w :[\![w,\psi ]\!] \in P\}$$\end{document}$. Furthermore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{A}^P_{\psi }$$\end{document}$ has at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${2^{O(|\psi |^2)}}$$\end{document}$ states \[[@CR1]\].

As with LTL, we define the existential and universal extensions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{EQLTL}}{[\mathcal{F}]}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{AQLTL}}{[\mathcal{F}]}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$. Here too, we consider the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$AP=I \cup O$$\end{document}$, with the signals in *O* being quantified. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\exists O.\psi ]\!]=\max _{y \in (2^O)^\omega } \{ [\![w_{|I} \otimes y,\psi ]\!]\}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\forall O.\psi ]\!]=\min _{y \in (2^O)^\omega } \{ [\![w_{|I} \otimes y,\psi ]\!]\}$$\end{document}$.

### Remark 3 {#FPar13}

**\[On the semantics of** $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{EQLTL}}{[\mathcal{F}]}$$\end{document}$ **\]**. It is tempting to interpret an expression like $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\exists O.\psi ]\!] \le v$$\end{document}$ as "there exists an output sequence *y* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w_I\otimes y,\psi ]\!] \le v$$\end{document}$". By the semantics of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists O.\psi $$\end{document}$, however, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w,\exists O.\psi ]\!] \le v$$\end{document}$ actually means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\max _{y\in (2^O)^\omega }[\![w_I\otimes y,\psi ]\!] \le v$$\end{document}$. Thus, the correct interpretation is "for all output sequences *y*, we have that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![w_I\otimes y,\psi ]\!] \le v$$\end{document}$".    $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$[ge]{.smallcaps}-Synthesis {#Sec9}
------------------------------------------------------------------------------------------------------------

For a value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in [0,1]$$\end{document}$, we say that *x* is *v-hopeful for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ if there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y \in (2^O)^\omega $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![x \otimes y,\psi ]\!] \ge v$$\end{document}$. We study two variants of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$[ge]{.smallcaps}-synthesis:In $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$[ge]{.smallcaps} *-synthesis with a threshold*, the input is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ and a value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in [0,1]$$\end{document}$, and the goal is to generate a transducer whose computation on every input sequence that is *v*-hopeful has satisfaction value at least *v*. Formally, a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:(2^I)^+ \rightarrow 2^O$$\end{document}$ [ge]{.smallcaps}-realizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ with threshold *v* if for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (2^I)^\omega $$\end{document}$, if *x* is *v*-hopeful, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![x \otimes f(x), \psi ]\!] \ge v$$\end{document}$.In $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$[ge]{.smallcaps} *-synthesis*, the input is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathrm{{LTL}}}{[\mathcal{F}]}$$\end{document}$ formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, and the goal is to generate a transducer whose computation on every input sequence has the highest possible satisfaction value for this input sequence. Formally, a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:(2^I)^+ \rightarrow 2^O$$\end{document}$ [ge]{.smallcaps}-realizes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ if for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in (2^I)^\omega $$\end{document}$ and value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in [0,1]$$\end{document}$, if *x* is *v*-hopeful, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![x \otimes f(x), \psi ]\!] \ge v$$\end{document}$.

In the Boolean case, the two variants coincide, taking $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar21}

**\[Tuning hope down\]**. The quantitative setting allows the designer to tune down "satisfaction by hoplessness": rather than synthesizing $\documentclass[12pt]{minimal}
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We start by solving the decision version of AG [ge]{.smallcaps}-realizability.

### Theorem 7 {#FPar23}
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### Proof {#FPar24}
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Observe that in all cases, the size of the NBW is $\documentclass[12pt]{minimal}
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The lower bound follows from the 2EXPTIME-hardness of LTL [ge]{.smallcaps}-realizability.    $\documentclass[12pt]{minimal}
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### Corollary 1 {#FPar25}

The AG [ge]{.smallcaps}-synthesis problem can be solved in doubly-exponential time.

### Remark 5 {#FPar26}
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### Remark 6 {#FPar27}

**\[Relating LTL** [ge]{.smallcaps}**-synthesis with stochastic** $\documentclass[12pt]{minimal}
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We introduce and study two measures for high-quality synthesis in a stochastic environment. In the first, termed *expected* [ge]{.smallcaps} *-synthesis*, all input sequences are sampled, yet the satisfaction value in each input sequence takes its hopefulness level into account. In the second, termed *conditional expected* [ge]{.smallcaps} *-synthesis*, only hopeful input sequences are sampled.
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Then, in conditional expected [ge]{.smallcaps}-synthesis, we consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists O. \psi $$\end{document}$ as an environment assumption, and factor it in using conditional expectation, parameterized by a threshold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in [0,1]$$\end{document}$. Formally, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists O.\psi \ge v$$\end{document}$ denote the event $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{x\in (2^I)^\omega : [\![x,\exists O.\psi ]\!]\ge v\}$$\end{document}$. Then, we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\![\mathcal{T},\psi ]\!]^{\mathrm{cond}(v)}=\mathbb {E}[X_{\mathcal{T},\psi }| \exists O. \psi \ge v]$$\end{document}$, assuming the event $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\exists O.\psi \ge v$$\end{document}$ has a strictly positive probability.

In \[[@CR2]\], it is shown that the high-quality synthesis problem can be solved in doubly-exponential time, also in the presence of environment assumptions. In the solution, the first step is the translation of the involved formulas to DPWs. In order to extract from \[[@CR2]\] the results relevant to us, we describe them by means of *discrete quantitative specifications*, defined as follows. A discrete quantitative specification $\documentclass[12pt]{minimal}
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### Theorem 8 {#FPar28}
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We can now state the main results of this section.

### Theorem 9 {#FPar29}
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### Proof {#FPar30}
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### Corollary 2 {#FPar31}
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Guarantees in High-Quality [ge]{.smallcaps}-Synthesis {#Sec12}
-----------------------------------------------------

As in the Boolean setting, also in the high-quality one we would like to add to a [ge]{.smallcaps}-realizing transducer guarantees and indications about the satisfaction level. As we detail below, the quantitative setting offers many possible ways to do so.
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### Theorem 10 {#FPar32}
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**Flags by a High-Quality** [ge]{.smallcaps}**-Realizing Transducer.** In the quantitative setting, we parameterized the flags raised by the [ge]{.smallcaps}-realizing transducer by values in \[0, 1\], indicating the announced satisfaction level. Thus, rather than talking about prefixes being green, red, or blue, we talk about them being *v*-green, *v*-red, and *v*-blue, for $\documentclass[12pt]{minimal}
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Discussion {#Sec13}
==========

We introduced and solved several variants of [ge]{.smallcaps}-synthesis. Our complexity results are tight and show that [ge]{.smallcaps}-synthesis is not more complex than traditional synthesis. In practice, however, traditional synthesis algorithms do not scale well, and much research is devoted for the development of methods and heuristics for coping with the implementation challenges of synthesis. A natural future research direction is to extend these heuristics and methods for [ge]{.smallcaps}-synthesis. We mention here two specific examples.

Efficient synthesis algorithms have been developed for fragments of LTL \[[@CR21]\]. Most notable is the *GR(1) fragment*  \[[@CR18]\], which supports assume-guarantee reasoning, and for which synthesis has an efficient symbolic solution. Adding existential quantification to GR(1) specifications, which is how we handled LTL [ge]{.smallcaps}-synthesis, is not handled by its known algorithms, and is an interesting challenge. The success of SAT-based model-checking have led to the development of SAT-based synthesis algorithms \[[@CR6]\], where the synthesis problem is reduced to satisfiability of a QBF formula. The fact the setting already includes quantifiers suggests it can be extended to [ge]{.smallcaps}-synthesis. A related effort is *bounded synthesis* algorithms \[[@CR13], [@CR24]\], where the synthesized systems are assumed to be of a bounded size and can be represented symbolically \[[@CR10]\].

Note that while the definition of green realization does not refer to $\documentclass[12pt]{minimal}
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While synthesis corresponds to finding a winning strategy for the system, green synthesis can be viewed as a subgame-perfect best-response strategy, where the system does its best in every subgame, even if it loses the overall game.
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